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Irreducibility of Infinite Dimensional
Steinberg Modules of Reductive Groups
with Frobenius Maps
Ruotao Yang∗
Abstract. Let G be a connected reductive group over an alge-
braic closure F¯q of a finite field Fq. In this paper it is proved that
the infinite dimensional Steinberg module of kG defined by N. Xi
in 2014 is irreducible when k is a field of positive characteristic and
chark 6=charFq. For certain special linear groups, we show that the
Steinberg modules of the groups are not quasi-finite with respect
to some natural quasi-finite sequences of the groups.
N. Xi studied some induced representations of infinite reductive
groups with Frobenius maps (see [X]). In particular, he defined Stein-
berg modules for any reductive groups by extending Steinberg’s con-
struction of Steinberg modules for finite reductive groups. These Stein-
berg modules are infinite dimensional when the reductive groups are
infinite.
Let G be a connected reductive group over the algebraic closure
F¯q of a finite field Fq and k a field. Xi proved that the Steinberg
module of the group algebra kG of G over k is irreducible if k is the
field of complex numbers or k = F¯q ( In fact, his proof works when
char k=0 or char Fq ) . In this paper we prove that if k has positive
characteristic and chark 6= char Fq, then the Steinberg module of kG
remains irreducible (see Theorem 2.2).
The reductive group G is quasi-finite in the sense of [X, 1.8]. For
quasi-finite groups Xi introduced the concept of quasi-finite irreducible
module and raised the question whether an irreducible kG-module is
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always quasi-finite. For certain special linear groups, we show that the
Steinberg modules of the groups are not quasi-finite with respect to
some natural quasi-finite sequences of the groups (see Proposition 3.2).
1. Preliminaries
In this section we recall some basic facts for reductive groups defined
over a finite field, for details we refer to [C].
1.1. Let G be a connected reductive group over an algebraically
closure F¯q of a finite field Fq of q elements, where q is a power of a prime
p. Assume that G is defined over Fq. Then G has a Borel subgroup
B defined over Fq and B contains a maximal torus T defined over Fq.
The unipotent radical U of B is defined over Fq. For any power q
a of
q, we denote by Gqa the Fqa-points of G and shall identify G with its
F¯q-points. Then we have G =
⋃∞
a=1Gqa . Similarly we define Bqa , Tqa
and Uqa .
1.2. Let N = NG(T ) be the normalizer of T in G. Then B and
N form a BN -pair of G. Let R ⊂ Hom(T, F¯∗q) be the root system of G
and R+ the set of positive roots determined by B. For α ∈ R+, let Uα
be the corresponding root subgroup of U .
For any simple root α in R, let sα be the corresponding simple
reflection in the Weyl group W = N/T . For w ∈ W , U has two
subgroups Uw and U
′
w such that U = U
′
wUw and wU
′
xw
−1 ⊆ U . If
w = sα for some simple root α, then Uw = Uα and we simply write U
′
α
for U ′w, which equals
∏
β∈R+−{α} Uβ . In general, let w = sαi · · · sα2sα1 be
a reduced expression of w. Set βj = sα1sα2 · · · sαj−1(αj) for j = 1, ..., i.
Then
(a) Uw = Uβi · · ·Uβ2Uβ1 and U
′
w =
∏
β∈R+
w(β)∈R+
Uβ.
(b) If α and β are positive roots and w(α) = β, then nwUαn
−1
w = Uβ ,
where nw is a representative of w in N .
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Now assume that w0 = sαr · · · sα2sα1 is a reduced expression of the
longest element of W . Set βj = sα1sα2 · · · sαj−1(αj) for j = 1, ..., r.
Then
(c) For any 1 ≤ i ≤ j ≤ r, Uβj · · ·Uβi+1Uβi is a subgroup of U and
Uβj · · ·Uβi+1Uβi = UβiUβj · · ·Uβi+1 .
The roots subgroups Uα, α ∈ R
+, are also defined over Fq. For
each positive root, we fix an isomorphism εα : F¯q → Uα such that
tεα(c)t
−1 = εα(α(t)c). Set Uα,qa = εα(Fqa).
2. Infinite dimensional Steinberg modules
In this section the main result (Theorem 2.2) of this paper is proved,
which says that certain infinite dimensional Steinberg modules are ir-
reducible.
2.1. Let k be a field. For any one dimensional representation θ
of T over k, let kθ be the corresponding kT -module. We define the
kG-module M(θ) = kG⊗kB kθ. When θ is trivial representation of T
over k, we write M(tr) for M(θ) and let 1tr be a nonzero element in
kθ. We shall also write x1tr instead of x⊗ 1tr for x ∈ kG.
For w ∈ W = N/T , the element w1tr is defined to be nw1tr, where
nw is a representative in N of w. This is well defined since T acts on
kθ trivially. Let η =
∑
w∈W (−1)
l(w)w1tr ∈ M(tr), where l : W → N
is the length function of W . Then kUη is a submodule of M(tr) and
is called a Steinberg module of G, denoted by St, see [X, Prop. 2.3].
Xi proved that St is irreducible if k is the field of complex numbers or
k = F¯q (see [X, Theorem 3.2]). His argument in fact works for proving
that St is irreducible whenever chark = 0 or chark =charFq. The main
result of this paper is the following.
2.2. Theorem. Assume that k is a field of positive characteristic
and chark 6= charFq. Then the Steinberg module St is irreducible.
Combining Xi’s result we have the following result.
2.3. Corollary. The Steinberg module St of kG is irreducible for
any field k.
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2.4. We need some preparation to prove the theorem.
Let sαrsαr−1 · · · sα1 be a reduced expression of the longest element
w0 ofW . Set βi = sα1 · · · sαi−1(αi). Then R
+ consists of βr, βr−1, ..., β1,
and U = UβrUβr−1 · · ·Uβ1 . Let ni be a representative in N = NG(T ) of
sαi and set n = nrnr−1 · · ·n1. Note that the elements zη, z ∈ U , form
a basis of St.
2.5. Lemma. Let u ∈ Uqa . If u is not the neutral element e of U ,
then the sum of all coefficients of nuη in terms the basis zη, z ∈ U , is
0.
Proof. Let αi and βi be as in subsection 2.4. Then u = urur−1 · · ·u1,
um ∈ Uβm . Assume that u1 = u2 = · · ·ui−1 = e but ui 6= e, where e is
the neutral element of G. We use induction on i to prove the lemma.
Note that niη = −η for i = 1, 2, ..., r.
Assume that i = r. Then nuη = (−1)r−1nru
′
rη, where u
′
r =
nr−1 · · ·n1urn
−1
1 · · ·n
−1
r−1 ∈ Uαr . According to the proof of [S, Lemma
1] (see also proof of [X, Proposition 2.3]), there exists xr ∈ Uαr such
that nru
′
rη = (xr − 1)η. So the lemma is true in this case.
Now assume that the lemma is true for r, r−1, ..., i+1, we show that
it is also true for i. In this case we have nu = (−1)i−1nr · · ·niu
′
ru
′
r−1 · · ·u
′
iη,
where u′j = ni−1 · · ·n1ujn
−1
1 · · ·n
−1
i−1 ∈ ni−1 · · ·n1Uβjn
−1
1 · · ·n
−1
i−1 = Uγj ,
where γj = sαi · · · sαj−1(αj), j = i, i + 1, ..., r. Then u
′
i 6= e. Note that
γi = αi. According to the proof of [S, Lemma 1], there exists xi ∈ Uγi
such that niu
′
iη = (xi − 1)η.
If u′r · · ·u
′
i+1 = e, we are done. Now assume that u
′ = u′r · · ·u
′
i+1 6=
e. Since both Mi = UγrUγr−1 · · ·Uγi and Mi+1 = UγrUγr−1 · · ·Uγi+1 are
subgroups of U and Mi+1xi = xiMi+1,we see that u
′xi = xiu
′′ for some
u′′ ∈Mi+1 and u
′′ 6= e. Thus
(−1)i−1nuη = nr · · ·ni+1u
′(xi − 1)η = nr · · ·ni+1xiu
′′η − nr · · ·ni+1u
′η.
By induction hypotheses, we know that the sum of the coefficients
of nr · · ·ni+1u
′′η and the sum of the coefficients of nr · · ·ni+1u
′η are
0. Since nr · · ·ni+1xin
−1
i+1 · · ·n
−1
r ∈ U , we see that the sum of the
coefficients of nuη = (−1)i−1nr · · ·ni+1u
′(xi − 1)η is 0.
The lemma is proved.
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2.6. Lemma. Let V be a nonzero submodule of St. Then there
exists an integer a such that
∑
x∈Uqa
xη is in V .
Proof. Let v be a nonzero element in V . Then v ∈ kUqaη for
some integer a. Let v =
∑
y∈Uqa
ayyη. We may assume that ae 6= 0.
Otherwise choose y ∈ Uqa such that ay is nonzero and replace v by
y−1v.
By Lemma 2.5 we see that the sum A of all the coefficients of nv
in terms of the basis zη, z ∈ U , is (−1)l(w0)ae 6= 0. Thus
∑
∈Uqa
xnv =
A
∑
x∈Uqa
xη. The lemma is proved.
2.7. Now we can prove the theorem. We show that St=kGv for
any nonzero element v in St. Let V = kGv. Let αi and βi be as in sub-
section 2.4. For any positive integer b, setXi,qb = Uβr ,qbUβr−1,qb · · ·Uβi,qb.
Then Xi,qb is a subgroup of U and Xi,qb = Xi+1,qbUβi,qb. Clearly Xi,qb
is a subgroup Xi,qb′ if Fqb is a subfield of Fqb′ .
We use induction on i to show that there exists positive integer
bi such that the element
∑
x∈X
i,qbi
xη is in V . For i = 1, this is true
by Lemma 2.6. Now assume that
∑
x∈X
i,qbi
xη is in V , we show that
∑
x∈X
i+1,q
bi+1
xη is in V for some bi+1.
Let c1, ..., cqbi+1 be a complete set of representatives of all cosets
of F∗
qbi
in F∗
q2bi
. Choose t1, ..., tqbi+1 ∈ T such that βi(tj) = cj for
j = 1, ..., qbi + 1. Note that t−1η = η for any t ∈ T . Thus
qbi+1∑
j=1
tj
∑
x∈U
βi,q
bi
xη = qbiη +
∑
x∈U
βi,q
2bi
xη.
Since Xi,qbi = Xi+1,qbiUβi,qbi and
∑
x∈X
i,qbi
xη is in V , we see
ξ =
qbi+1∑
j=1
tj
∑
x∈X
i,qbi
xη
=
qbi+1∑
j=1
tj
∑
y∈X
i+1,qbi
y
∑
x∈U
βi,q
bi
xη
=
∑
y∈X
i+1,qbi
qbi+1∑
j=1
tjyt
−1
j (tj
∑
x∈U
βi,q
bi
xη) ∈ V.
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Choose bi+1 such that all αm(tj) (r ≥ m ≥ i) are contained in
Fqbi+1 . Then Fqbi+1 contains Fq2bi . Thus tjyt
−1
j is in Xi+1,qbi+1 for any
y ∈ Xi+1,qbi . Let Z ∈ kG be the sum of all elements in Xi+1,qbi+1 . Then
we have
(1) Zξ = q(r−i)biZ
qbi+1∑
j=1
tj
∑
x∈U
βi,q
bi
xη = q(r−i)biZ(qbiη +
∑
x∈U
βi,q
2bi
xη) ∈ V.
Since
∑
x∈X
i,qbi
xη is in V , we have
∑
x∈X
i,q2bi
xη ∈ V. Thus
(2) Z
∑
x∈X
i,q2bi
xη = q2(r−i)biZ
∑
x∈U
βi,q
2bi
xη ∈ V.
Since q 6= 0 in k, combining (1) and (2) we see that Zη ∈ V , i.e.,
∑
x∈X
i+1,q
bi+1
xη is in V .
Note that Xr,qbr = Uβr ,qbr . Now we have
∑
x∈U
r,qbr
xη ∈ V and
∑
x∈U
r,q2br
xη ∈ V.
The above arguments show that
qbrη +
∑
x∈U
r,q2br
xη ∈ V.
Therefore qbrη is in V . So V contains kGη=St, hence V =St. The
theorem is proved.
2.8. Remark. Let Sta = kGqaη. Then Sta is the Steinberg module
of kGqa , which is not irreducible in general. As an example, say, G =
SL2(F¯q) and q is odd, chark = 2. Since q
a + 1 is always divisible
by 2=chark, Sta is not irreducible for any positive number a (see [S,
Theorems 3]). However, by Theorem 2.2, St is irreducible kG-module.
3. Non-quasi-finite irreducibility of certain Steinberg
modules
In this section we show that for certain special linear groups the
Steinberg modules of the groups are not quasi-finite with respect to
some natural quasi-finite sequences of the groups, see Proposition 3.2.
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3.1. By definition, a group G is quasi-finite if G has a sequence
G1, G2, , ..., Gn, ... of finite subgroups such thatG is the union of allGi
and for any positive integers i, j there exists integer r such that Gi and
Gj are contained in Gr. The sequence G1, G2, G3, ... is called a quasi-
finite sequence of G. An irreducible module (or representation)M of G
is quasi-finite (with respect to the quasi-finite sequence G1, G2, G3, ...)
if it has a sequence of subspaces M1, M2, M3, ... of M such that (1)
each Mi is an irreducible Gi-submodule of M , (2) if Gi is a subgroup
of Gj, then Mi is a subspace of Mj , (3) M is the union of all Mi. The
sequence M1, M2, M3, ... will be called a quasi-finite sequence of M .
See [X, 1.8]
The following question was raised in [4, 1.8]: is every irreducible
G-module quasi-finite (with respect to a certain quasi-finite sequence
of G).
The main result of this section is the following result.
3.2. Proposition. Let G = SLn(F¯q) and k a field of positive char-
acteristic. Assume that chark divides (1+ qa)(1+ qa+ q2a) · · · (1+ qa+
· · · + q(n−1)a) for all positive integers a. If a quasi-finite sequence of
G is a subsequence of SLn(Fq), SLn(Fq2), SLn(Fq3), SLn(Fq4), ..., then
the Steinberg module St of kG is not quasi-finite with respect to the
quasi-finite sequence.
Proof. Let G1, G2, , ..., Gn, ... be a quasi-finite sequence of G.
Assume that the quasi-finite sequence is a subsequence of SLn(Fq),
SLn(Fq2), SLn(Fq3), SLn(Fq4), .... If St is quasi-finite with respect to
this quasi-finite sequence, then there exists a sequence of subspacesM1,
M2, M3, ... of St such that (1) each Mi is an irreducible Gi-submodule
of M , (2) if Gi is a subgroup of Gj , then Mi is a subspace of Mj , (3)
M is the union of all Mi.
Choose a nonzero element v ∈ M1. By the proof of Theorem 2.2,
there exists x ∈ kG such that xv = η. Since G is the union of all
Ha = SLn(Fqa), there exists positive integer i such that x ∈ kHi.
Since G is the union of all Ga, there exists j such that Hi is included
in Gj. Note that Gj = Hj′ for some positive integer j
′. Choose integer
d such that Gd includes both G1 and Gj. Then Md includes M1 and
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Mj . Moreover, x ∈ kGd, so that xv = η is in Md and Md includes
kGdη. Since Gd = Hd′ for some d
′ and kHd′η is not irreducible, Md is
not irreducible. This contradicts the assumption thatMd is irreducible
Gd-module. The proposition is proved.
3.3. Remark. Assume that n is power of a prime p′ and k has
characteristic p′. If n, q are coprime, then n divides (1 + qa)(1 + qa +
q2a) · · · (1 + qa + · · · + q(n−1)a) for all positive integers a. To see this,
let Am = 1 + q
a + · · · + q(m−1)a, m = 2, ..., n. Since n, q are coprime,
if Am ≡ 1(mod n), then m > 2 and Am−1 is divisible by n. If Am 6≡
1(mod n) for m = 2, ..., n, then either some Am is divisible by n or
Am ≡ Al(mod n) for some n ≥ m > l ≥ 2. Since n, q are coprime, we
have m ≥ l + 2. Then Am−l is divisible by n. By Proposition 2.2, in
this case, the Steinberg module St of kSLn(F¯q) is not quasi-finite for
a quasi-finite sequence of G whenever it is a subsequence of SLn(Fq),
SLn(Fq2), SLn(Fq3), SLn(Fq4), ....
However, it is not clear that whether St is quasi-finite with other
quasi-finite sequences of SLn(F¯q).
For other reductive groups, one discusses similarly.
3.4. Assume that G is quasi-finite and has sequence of normal
subgroups {1} = G0 ⊂ G1 ⊂ · · · ⊂ Gn = G such that all Gi/Gi−1
are abelian. Xi asks whether any irreducible CG-module is isomorphic
to the induced module of a one dimensional module of a subgroup of
G (see [X, 1.12]). The question has a negative answer ever for finite
groups, for instance, the two-dimensional irreducible complex represen-
tation of SL2(F3) is an counterexample. Perhaps for the question the
condition of all Gi/Gi−1 being abelian should be further strengthened
to all Gi/Gi−1 being cyclic.
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